Can one measure C-odd asymmetry in e + e — > 7r + 7r ? * 
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C-odd asymmetry can be studied from an accurate measurement of the angular distribution due to the interference between the 
S- and P-waves in e + e~ — > ir + -ir~ at order a 3 . Though the integrated total cross-section is zero as expected from the Furry's 
theorem, the asymmetry is dominated by the pion rescattering diagram which is enhanced by the presence of the lns/m^, and 
is quite large («11% at 8 — 30° and yfs < M/ 2 ) compared to cv/tt ~ 0.3%. This process can also be used for alternatively 
measuring the size of the rescattering term and the phase of the S'-wave amplitude, but does not help to solve the present 
discrepancy between the hadronic spectral functions from e + e~ and r-decay data. 



Introduction 

• At present, experiments on colliding electron-positron 
beams with high-luminosity and high-statitstics are car- 
ried out intensively. Low-energy region below 1 GeV, in 
the vicinity of the p, to and <j> mesons with the quantum 
numbers J PC = 1 , is measured with increasing pre- 
cisions by the new generations of e + e~ experiments pQ. 

• On one hand, these precision measurements are mo- 
tivated by the important contribution of this region to 
the anomalous magnetic moment of the muon where im- 
proved measurement is planned in the future BNL g — 2 
experiments [2] for further tests of the Standard Model 
(SM) and for eventually detecting new physics beyond 
the SM. At present, this project is, unfortunately, ob- 
scured by the present discrepancies between the 7r + 7r~ 
spectral function from e + e~ |l|3j and r-decay data 0], 
which affects the evaluation of the hadronic contribution 
to the muon anomaly [5161718] , and which are expected 
to be clarified by the future accurate data in this low- 
energy region. 

• On the other, they are motivated by the improved 
measurements of the light meson parameters which are 
necessary for a better understanding of the structure 
and of the dynamics of these mesons, which are impor- 
tant for testing different QCD non-perturbative meth- 
ods including lattice calculations and QCD spectral sum 
rules predictions [9]. 

• In this paper, we shall discuss the possibility of study- 
ing properties of scalar resonances (direct coupling to 
77), and of related processes with positive C— parities 
(tttt non- resonant and rescattering S-wave amplitudes), 
in the low-energy region, which remains a long stand- 
ing puzzle in non-perturbative QCD [10111112113] . and 
which may eventually help for solving the e + e _ and r- 
decay data discrepancy. 

• Contrary to the negative C— parities p, to and <f> 
mesons, which are easily observed in the processes via 
a one-photon exchange (Fig. [T]), the observation of 
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Figure 1. Born amplitude with a p-meson-exchange in the s- 
channel 

processes with positive C— parities only occurs via two- 
photon intermediate state (Table [J), which are a priori 
difficult to observe due to the additionnal QED coupling 
a 2 suppression compared to the one in Fig. [1] However, 
one may (a priori) expect that the interference between 
the Born amplitude in Fig. 1 and the one in Table[T]can 
be reached at the present experimental accuracy because 
of the less power of a in the interference term relative 
to the diagonal one. 

• In the following, we plan to study this process, from 
the C-odd asymmetry angular distribution: 
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which can differentiate the C-even and C-odd parities 
(the Born cross-section refers to the process in Fig. [T]). 
Unlike the C-even process, this observable requires the 
detection of the charge of the final state particle, which, 
in the present case, is the pion. An analogous observable 
has been discussed in the pure QED process e + e~ — > 
fi+fj,- [U, and in e+e" -> f 2 -> tt+tt^ [T5J Q. Here, 
we consider, instead, the interference between the usual 
one-photon exchange amplitude involving the P-wave 
7r + 7r~ shown in Fig. [1] 

e + e _ — * 7 — » 7r + 7r~ , (2) 



with the S'-wave amplitude shown in Table [T] 



e 1 e 



77 — > 7T 7T 



(3) 



which dominates over the D-wave one below M/ 2 =1.27 
GeV E|. The measurement of the ir + ir~ process is cer- 
tainly less accurate than the pure QED final state fi + /i~ , 
though one expects that it can be reached with a good 
accuracy at the present and forthcoming high-statistic 
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Table 1 

Diagrams contributing to the process in Eq. J3j 

1. Contact term and Scalar- meson s-channel exchange 





2. One 7r- or V- meson exchange in the t channel 





experiments having detector with a good pion identifi- 
cation. 

• We shall not consider the process with a real photon 
emission e + e~ — > 7r + 7r~7 (unless technically necessary 
for cancelling IR divergences), because they are usually 
absorbed into the radiative corrections already included 
into the Monte-Carlo programs or can be disentangled 
from the virtual photon process by tagging the real pho- 
ton [the so-called initial state radiation (ISR) method 
used e.g. at KLOE and BABAR]. To the order at which 
we are working, the only relevant of such diagrams is 
the interference between the amplitude where a pho- 
ton is initially emitted from the lepton (ISR) with the 
amplitude where the photon is emitted from the pion 
(FSR) (the other ones are C-even: see e.g. [1]), which 
we shall call later on IFSR process. As emphasized in 
[TP] , the asymmetry of the IFSR process can be clearly 
measured at large photon angle and can be a direct mea- 
sure of the ratio of the FSR over the ISR amplitude. The 
KLOE measurement of this IFSR quantity agrees with 
Monte-Carlo simulations, where the later use a model 
with pointlike pions (the pion will be also treated as a 
point-like particle in our calculation). The feasibility 
of this measurement indicates that the alone IFSR pro- 
cess is an independent physical process which does not 
need any additional contributions, like the ones which 
we shall consider in our paper, for being meaningful. 
The independence of the IFSR e + e~ — > 7r + 7r~7 and of 
the e + e~ — > 7r + 7r~ process considered here will be con- 
firmed by the absence of IR singularities in each of them 
but not in their sum0. 

Theoretical inputs 

To the order at which we are working, we use the lowest 
order (in effective ttttj interaction Lagrangian: 

£nr = te [7r-a M 7r + -(a AI 7r-)7r + ]^ + e 2 7r- 7 r + A^,(4) 

with 7r and A p are the pion and photon fields. The 
scalar meson (S) couplings to 77 (3577)7 to iriT{gs- K - K ) 

6 This is not the case of the e+e~ — > /i+ fi~ and e+e - — > fi~-y 
processes calculated in Ref. [T], where both contributions (real 
and virtual photon processes) should be added for cancelling IR 
divergences. We should note that the process which we shall cal- 
culate is very similar to the one : 77 — * tt+tt - which comes from 
a similar box diagram. The 77 process does not also need the 
inclusion of real photon contribution for being meaningful. 



and the pion coupling to 77 are introduced through the 
interaction terms 0: 



and: 
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where F$ is the photon field strength. The model de- 
pendence enters into the size of the couplings, which 
are normalized as in [ll|17|9j and fixed from the data. 
In the range of energy where we are working, we use a 
vector meson dominance model (VDM) Q by replacing, 
with a good approximation, the virtual photon propa- 
gator by the ones of vector mesons. This good VDM ap- 
proximation being confirmed by the observation of the 
p-dominance of the e + e~ — > 7 — * 7r + 7r~ cross-section 
below 1.27 GeV. Using VDM, the Born s-channel am- 
plitude in Eq. @ is shown in Fig. [T] and reads: 
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is the square of pion form factor normalized as \F 7r (s = 
0)| 2 = 1. This expression leads to the well-known angu- 
lar distribution: 
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where 9 is the polar angle between the electron beam 
and the outgoing charged negative pion. 

Evaluation of the interference amplitudes 

• For this purpose, we use the chiral Lagrangian in 
Eq. ([!]), and the couplings given previously in Eqs. ([5]) 
and ©. 

• We compute directly the interference term between 
the lowest-order Born amplitude in Eq. ([7]) and shown 
in Fig. [TJ with the 77 diagrams given in Table [TJ The 
Feynman rules for deriving the amplitude are standard. 
Using a Vector Meson Dominance Model (VDM), the 
photon line is replaced by the p-meson form factor. 

• Due to the complexity of the calculation, we evaluate 
the trace of Dirac matrices with the Feyncalc program 
[Hi] linked to M athematica for expressing the results in 
terms of the Passarino-Veltman-'t Hooft (PAVE) inte- 
grals [2D]. The analytic expressions are lengthy, which 
are not appropriate to present in this letter. However, 
they can be send by demand. 

• We obtain the final results by computing numerically, 
cither with Fortran or with M athematica, these differ- 
ent PAVE integrals using the LoopTools program [21 . 

• To the order we are working, we find that the con- 
tributions of the contact term and of the scalar-meson 



7 We shall work to leading order of these couplings. 

8 Inclusion of resonances into chiral lagrangian has been discussed 
in the literature (see e.g. I12I18| ). 

9 We shall see later on that finite width corrections will be negli- 
gible in our calculation. 
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exchange in Table [T] are zero. These null contributions 
are due to the Lorentz structure of the vertex couplings 
and are model-independent, where the process is pro- 
portional to I 2 = I' 2 = m 2 as expected from symmetry 
arguments of the 77 amplitude. 

• The contributions of the last two diagrams in Table Q] 
with one pion or one vector meson exchange (within 
VDM) in the t-channel is UV and IR (photon mass 
taken to zero) finite, which is a remarkable property. 
The vanishing of the UV divergence is obvious for each 
box diagrams due to the form of numbers of propagators 
and of the algebraic form of the numerators. We have 
checked this UV convergence by checking the absence 
of the 2/e pole or equivalently by introducing a scale 
Mnow = e2 ^ e Moid- The result is invariant when changing 
/j, in a large range. The vanishing of the IR singulari- 
ties is less trivial, which is due to a fine reorganization 
of the different PAVE loop integrals, and is expected 
in the absence of virtual photons in the t-channel [2"T] . 
We have checked the absence of the IR divergence by 
giving a mass A to the photon and by varying it in a 
large range. As expected, the result is independent of 
A. The previous successful UV and IR numerical tests 
following the recommendation in the LoopTools user's 
manual [21] . are a good indication on the reliability of 
our results, which (indirectly) indicate that, in the pro- 
cess which we have considered, we have not missed some 
other diagrams to this order. 

• Using the experimental value of the dominant ujtt^/ 
coupling for the t-channel vector-meson (V) exchange, 
one also finds that this contribution is negligible (10 -3 
of the one of pion exchange) . It also indicates that the 
7T°7r production dominated by this contribution is un- 
observable. 

Angular distribution, and C-odd Asymmetry 

• We show in Fig. [2^) the angular distribution includ- 
ing radiative corrections and compared with the corre- 
sponding Born term given in Eq. ((9]) at the value of 
y/s = 0.5 GeV. The C-odd asymmetry Aps defined 
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Figure 2. a) Angular distribution dcr/dU in units of nanobarn 
versus 9 (polar angle between e~ and ir~) in degree at v / s=0.5 
GeV: the continuous line is the Born contribution; the dashed line 
is the one including radiative corrections; b) The asymmetry Aps 
defined in Eq. JTJ versus 9 in degree. 

in Eq. (TTJ) is given in Fig. ^Bp using the previous value 
<Js = 0.5 GeV. 

• The radiative correction is asymmetric for 9 and 7r — 9, 
while it is maximal at small and large angles. 

• At 8 = 30° and -^=0.5 GeV, the correction to the 
angular distribution is about 5.5%, i.e. 11% for Aps, 
which is relatively large compared with the naive count- 
ing (a/71") ~ 0.3% and may be observed with improved 



accurate data. 

• We check that the In 2 (s/m 2 ) contribution is zero. We 
fit numerically the coefficient of the In (s/m 2 ) term ex- 
pected from the electron exchange in the t-channel [21] . 
We found the functional dependence at y/s — 0.5 GeV 
and 9 = 30° : 
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where the numerical coefficients contain m\ and M 2 
terms. 

• Eq. dTUJ) shows the huge contribution from the 
In (s/m 2 )-term. The presence of the In (s/m 2 ) term 
seems to be a general feature of a QED calculation with 
a large external momentum s and a virtual light parti- 
cle (electron) appearing in a loop. A classical example 
is the QED calculation of the 2nd order correction due 
to electron loop for the muon g~2, where a log(m Ai /rn e ) 
appears (m M is here the external momentum). • Fixing 
again 9 ~ 30°, we study the relative strength of the ra- 
diative corrections for y/s < Mf 2 = 1.27 GeV, where 
it is expected that VDM provides a good approximate 
description of the data. We notice that Aps is almost 
unaffected by the change of the s-values in this range of 
energy. 

Isospin symmetry, r-decay and the g-2 of leptons 

The important role of the In (s/m 2 ) term present in the 
expression of Aps [Eq. (flO|) ] can indicate that the ef- 
fect of the C-odd asymmetry is more pronounced in 
e + e~ — > 7r + 7r~ differential cross-section than in the 
r~ — > v T ir°ir~ differential decay rate. For checking this 
result, we evaluate the similar process for r-decay. We 
found that the box diagram with internal r, W and 
7 lines behaves like In (s/M 2 ), while the one with in- 
ternal v T , W and Z lines vanishes in the chiral limit 
m\ — > 0. The two contributions are relatively negligible 
compared to the electron case due to the W, Z propa- 
gator suppressions in the box diagram calculation. The 
difference between the strength of the two processes in- 
dicates a violation of the isospin symmetry rotation for 
the asymmetry Aps- However, the effects of the inter- 
ference term vanish in the integrated total cross-section, 
which is expected from the Furry theorem 0. Though 
this result cross-checks the validity of the results ob- 
tained in this paper, it (unfortunately) does not help to 
explain the present discrepancy between the hadronic 
spectral functions extracted from e + e~ — * 7r + 7r~ hadron 
total cross-section and the one from t~ — * v T it a it~ total 
decay rate, which are expected to be equal in the SU (2) 
isospin symmetry limit I 11 !. In fact, these spectral func- 
tions play a crucial role in the present evaluation of the 
lepton anomalous magnetic a; = 1/2 (g; — 2) [5]-[8]. 



10 As mentioned earlier, the contact term and the s-channel con- 
tributions shown in Table 1 also vanish. 

11 Some effects of t=0 scalar mesons which only contribute to e + e — 
but not to T-decay have been also analyzed in J\ , where the contri- 
butions are tiny and do not solve the present discrepancy between 
the two data. 
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Conclusions 

• We begin this paper by wondering if one can measure 
the C-odd asymmetry Aps in e + e~ — * tt + tt~. This 
project may be realized at enough small polar angle 
between the electron beam and outgoing n~ in high- 
statistic and hig-precision present and future experi- 
ments with a good pion identification. 

• The dominance of the pion rescattering contribution 
indicates that contrary to the 77 and -k-k scattering pro- 
cesses, it is possible to disentangle, for this process, the 
pion rescattering contribution from the scalar and vec- 
tor mesons exchanges. This feature being relevant in 
e.g. the analytic K- matrix model discussed in [12113] . 
where one can separate the direct coupling of the scalar 
resonance to 77 from the rescattering contribution. The 
null contribution of the cr exchange in the s-channel, i.e. 
of the 1 = part of the S-wave amplitude, may indicate 
that the non-zero contributions from the box diagram 
are only due to the 1 = 2 part of the S-wave amplitude. 

• Aps can also serve for alternatively measuring the 
.S-wave phase which can be compared with the one ob- 
tained from elastic tttt scattering via Watson theorem. 

• Due to the important role of the In (s/rn^,) term, 
Aps due to the rescattering process may not be ob- 
served in the reaction involving heavy leptons such as 
r — > ^ r 7r°7r~, where m e is (naively) replaced by M T . 

• Finally, the vanishing of the interference term in the 
total cross-section, as expected from the Furry theorem, 
cross-checks the validity and reliability of our results. 
Unfortunately, this feature does not help to explain the 
present discrepancy between the hadronic spectral func- 
tions extracted from e + e~ — * -k + tt~ total cross-section 
and the one from t~ — ► ^ T 7r°7r _ total decay rate which 
govern the hadronic contribution to the lepton anoma- 
lous magnetic moment a;. 
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